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1. INTRODUCTION 
We consider the following N-species nonautonomous Lotka-Volterra competitive system: 
dxi 
dt i = 1 ,2 , . . . ,n ,  
where the functions b~(t) 
= xi (b~(t) - ~-~ a i j ( t )x j )  (i) 
and aij(t) ( i , j  = 1 ,2 , . . . ,n )  are defined on R+ = [0, c¢) and are 
bounded continuous on R+, and aij(t) >_ 0 for all t E R+ and i , j  = 1,2, . . .  ,n. 
In this paper, we always assume that there exist the continuous periodic functions b~ (t) and 
a~j(t) ( i , j  = 1, 2 , . . . ,  n) with the common period w > 0 such that 
lim (bi(t) - b~(t)) = 0, lim (aij(t) - ai*j(t)) = O, (2) 
t ---* oo  t ---* oo  
for i , j  = 1, 2 , . . .  ,n. Obviously, if condition (2) holds, then a~j(t) > 0 for all t E R = ( -c~,oc)  
and i , j  = 1,2 , . . . ,n .  
In this paper, we also consider the following N-species periodic Lotka-Volterra competitive 
system formed by the coefficients b*(t) and a*j (t): 
dt = Yi b*(t) - ai j(t)y j , i = 1,2 , . . . ,n .  (3) 
j= l  
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As we all know, systems like (1) and (3) are important in the models of multispecies populations 
dynamics. There are many works on the permanence, xtinction, global asymptotical stability, 
and existence of positive periodic solutions and almost periodic solutions for the N-species nonau- 
tonomous Lotka-Volterra competitive system and its special cases of periodic and almost periodic 
systems that have been developed in [1-11]. Recently, in [1] the authors considered the following 
two species nonautonomous Lotka-Volterra competitive model: 
dxl  
dt = xl(bl(t) - all(t)Xl - a12(t)x2)' 
dx2 (4) 
dt -- x2(b2(t) - a21(t)Xl -- a22(t)X2). 
Under the following assumptions: 
(a) the functions b~(t) and ai j(t) ( i , j  = 1, 2) are continuous and bounded above and below by 
positive constants on R+; 
(b) there exist continuous, positive and T-periodic functions b*(t) and a*j(t) such that for 
each i , j  = 1,2, 
lim (bi(t) - b:(t)) = O, l ira (ai j(t) - a~(t))  = O; 
t ---+ O0 t 
(c) there exists constant eo > 0 such that 
btl - eo a~ + e0 bt2 - e0 aM + e0 
- -  > , - -  > , (5 )  
b~ n + e0 a~2 - eo b~ n + ¢0 a/ll - eo 
where b~ = inften+ b~(t), b~ n = suPteR + bi(t), a~j = infteR+ aij(t),  and a T = supteR + aij(t) 
for i , j  = 1,2; 
the authors proved that for any positive solution (xl(t), x2 (t)) of system (4), 
* t  lim (xl(t) - y;(t))  = 0, lim (x2(t) - Y2()) = 0, 
£--'*OO t---*OO 
where (y~(t) ,y~(t))  is the unique positive T-periodic solution of the following periodic Lotka- 
Volterra system: 
dyl 
dr' = Yl (b~ (t) - a~l (t)yl - a~2(t)y2) ,
dy2 
dr" = Y2 (b~(t) - a~l(t)y 1 - -  a~2(t)y2 ) . 
In this paper, our main purpose is to improve and extend the above result to the general N- 
species nonautonomous Lotka-Volterra competitive systems. Using the new method, we will first 
establish a new sufficient condition of the permanence of positive solutions for system (1). Then, 
when condition (2) holds, we will give sufficient conditions to guarantee any positive solution of 
system (1) to tend to the unique positive w-periodic solution of system (3) as t --* ~ .  
2. LOGISTIC EQUATION 
For each i ---- 1, 2 , . . . ,  n, we consider the following nonautonomous Logistic equation: 
dx._.~ = xi(bi(t) - ai i(t)xi).  (6) 
dt 
A solution xi(t)  of equation (6) is said to be positive if the initial value x~(to) > 0. Obviously, 
since (6) is a Bernoulli equation, the solution xi(t) with initial condition xi(to) > 0 can be 
integrated to obtain the following explicit form: 
x~-l(t) = e-  f~o b,(s)d8 aii(s)ef~o b,(u)du ds + x~l( to)  . 
We have the following result. 
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LEMMA I. 
then 
(a) 
Suppose that there are positive constants wi and Ai such that 
ft+w~ 
there ex/st positive constants mi and Mi such that 
(7) 
mi <_ l iminfxi(t) _< limsupxi(t) _< Mi 
t----* OO t----*OO 
for any positive solution xi(t)  of  equation (6); 
(b) limt_.oo(x~l)(t) - x~2)(t)) = 0 for any two positive solutions xll)(t) and xl2)(t) of equa- 
tion (6). 
PROOF. By condition (7), there are positive constants kil, ki2, 5i, and Ti such that for all t >_ Ti, 
~ t+~, (bi(s) - ai i(s)ki l)  ds < -5/, (8) 
t t+~' (bi(s) - aii(s)k~2) ds > 5i. (9) 
Let xi(t)  be any positive solution of equation (6). We first prove that there is a Ti >_ T~ such that 
kil exp(ailAi) > xi(t) >_ ki2 exp(-a i2wi) ,  for all t > Ti, 
where sit -- supteR + {[bi(t)[ + aii(t)kit} (l = 1, 2). If xi(t) >_ kil for all t > Ti, then we have 
xi(t)  = xi(T/) exp (bi(s) - a~i(s)x/(s)) ds 
J T~ 
<_ x i (T i )exp (b~(s) - a i i (s)ki l )ds,  for all t >_ Ti. 
From (8), we easily obtain xi(t)  --* 0 as t --* oo, which is a contradiction. Hence, Xi(Til) < kil 
for some r/1 >_ Ti. Further, if there are t2 > tl > T,1 such that xi(t2) > k~l exp(ailA/), xi( t l )  = 
kil, and x~(t) > kil for all t 6 (tl,t2], then we can choose a integer p > 0 such that t2 E 
(tl +pA~, tl + (p + 1))h] and obtain 
kit exp(ailA/) < xi(t2) 
= xi(t l )  exp (b,(t) - ai~(t)xi(t)) dt 
_< kit exp \Jr1 + -bpA, (bi(t) - ai/(t)kit) dt 
kil exp (bi(t) - ai i(t)ki l)  dt 
Jt,+pA~ 
<_ kil exp(ailAi), 
which also is a contradiction. Therefore, we have xi(t)  <_ kil exp(aixAi) for all t C [T~I, O0). 
Similarly, by (9), we can prove that there is a vi2 >_ T/ such that x~(t) > k~2 exp(-a~2w~) for 
all t 6 [vi2, oo). Choose r~ = max{T/l, "//2}, mi = ki2 exp(-oli2wi), and M~ = kil exp(a~lA,), then 
we obtain Conclusion (a). 
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Now, we prove Conclusion (b). Let xi(t) and yi(t) be any two solutions of equation (6). By 
Conclusion (a), there are positive constants m and M such that m <_ xi(t), yi(t) <_ M, for all 
t _> to. Choose the Liapunov function as follows: 
Vi(t) = I lnx~(t) - lnydt)l ,  
by calculating the upper derivative of V(t), then we have 
D+V(t) < -a~i(t)lxi(t) - yi(t)h for all t > to. 
Hence, 
Consequently, 
D+V(t) < -mau(t)V(t), for all t > to. 
V(t) < V(to) exp (-maii(s)) ds, for all t > to. 
Since fo  aii(t)dt = +c~, we have V(t) --* 0 as t ~ ~.  Therefore, limt--.oo(xi(t) - yi(t)) = O. 
This completes the proof. 
REMARK 1. If, in addition to condition (7), we further assume limsuPt__.oo(b~(t)/aii(t)) < c~, 
then the constant Mi given in Conclusion (a) of Lemma 1 can be chosen by 
Mi = limsup bi(t) 
t--.oo aii(t)" 
*. • e rt+wl REMARK 2. In Lemma 1, if the condition nm lnzt--.oo 3t bi(s) ds > 0 is replaced by 
f t+wl  
l imsup ] bi(s) ds <_ O, 
t---*oo J t 
then we will obtain limt-.oo xi(t) = 0 for any positive solution xi(t) of equation (6). 
REMARK 3. Results similar to Lemma 1 are given by Ahmad in [2], by Montes de Oca and 
Zeeman in [3], by Tineo in [4], and by Coleman in [12]. 
Consider the following w-periodic logistic equation for each i = i, 2,..., n: 
dyi . 
dt = Yi (b~ (t) - aii(t)yi ) , (10) 
then using Lemma 1, we have the following result. 
LEMMA 2. Suppose that fob~(t)dt > 0 and foa~i(t)dt > 0, then equation (10) has a unique 
positive w-periodic solution yio(t) such that limt--.cc(yi(t) - yio(t)) = 0 for any positive solu- 
tion yi(t) of equation (10). 
It is not hard to prove that the periodic solution yio(t) has the following explicit form (see [4, 
Theorem 4.1]): 
YiO(t)= [L  bi(s)exp ( -  fstaii(u)du) ds] -1 
In addition, from Remark 1 we have yio(t) <_ supteR(b~(t)/a~i(t)) for all t 6 R if a~i(t ) is a positive 
function. 
The main result of this section is the following theorem. 
THEOREM I. Suppose that condition (2) holds, fo b~(t) dt > 0 and fo a~i(t) dt > O, then 
lim (xdt )  - y ,o ( t ) )  = o, 
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for any positive solution xi(t) of equation (6), where yio(t) is the unique positive w-periodic 
solution of equation (10). 
PROOF. By Lemma 2, equation (10) has a unique positive w-periodic solution yi0(t). From 
condition (2), we can obtain 
f t-~-~ l iminf bi(s)ds > O, liminf t t+~a~,(s)ds > O. f 
t---*oo ,] t t---*oo ,,It 
Hence, by Lemma 1, there are positive constants rni and Mi such that 
mi <_ l iminfxi(t) _< limsupxi(t) _< M~ 
t --*OO t --ooo 
for any positive solution xi(t) of equation (6). Obviously, there are positive constants A and B 
such that 
A <_ xi(t), yio(t) <_ B, for a l l t>0.  
Choose the Liapunov function 
Vi(t) = I tnxi(t) - ln yio(t)h 
by calculating the upper right derivative of Vi(t), then we can obtain 
D+Vi(t) <_ -a*i(t)lx~(t) -yio(t)l  + [bi(t) -b*(t)l + la,i(t) -ai*(t)l xi(t) 
<_ -Aa*~(t)Vi(t) + gi(t), for all t _> 0, 
where gi(t) = Ibi(t) -b*(t)l + laii(t) -a*i(t)lxi(t ). From condition (2), we see gi(t) -~ 0 as t --~ ~.  
By the comparison theorem and the variation of constants formula of solutions for first-order 
linear differential equation, we have 
V~(t) _< V~(0)exp ( - / tAa* i (u )du)+/ tg i ( s )exp  ( - / tAa* i (u )du)ds ,  (11) 
02 for all t _> 0. By the periodicity of the function a*i(t ) and fo aii(t) dt > 0, we can prove from (11), 
Vi(t) --~ 0 as t --* oc. That shows xi(t) - yio(t) -~ 0 as t --~ c~. This completes the proof. 
3. PERMANENCE 
Motivated by the biological background of system (1), in this paper we shall be concerned with 
only positive solutions of system (1). A solution x(t) = (xl(t), x2(t) , . . . ,  xn(t)) of system (1) is 
said to be positive if the initial values xi(0) > 0 for i = 1, 2 , . . . ,  n. On the permanence of positive 
solutions for system (1), we have the following result. 
THEOREM 2. Suppose that there exist positive constants wi and Ai such that for each i = 
1, 2, . . . ,  n, 
f 
t+~i 
liminf aii(s) ds > 0 
t ---* oo ,It 
and 
b (s) - a j(s)xj0(s) ds > 0, 
where xio(t) is some positive solution of equation (6), then system (1) is permanent, i.e., there 
axe positive constants m and M such that for any positive solution x(t) = (xl(t), x2(t) , . . . ,  xn(t) ) 
of system (i), 
m _< liminf xi(t) <_ lim sup xi(t) <_ M, for i = 1, 2 , . . . ,  n. 
t---*OO t ---~OO 
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PROOF. First of all, by the conditions of the theorem, we have lira inft-,co ft t+~' bi(s) ds > 0 and 
that there are constants e0 > 0 enough small and To > 0 enough large such that 
for all t _> To and i = 1,2, . . .  ,n. Let x(t) = (x l ( t ) ,x2( t ) , . . .  ,x~(t)) be any positive solution of 
system (1). For each i = 1,2, . . .  ,n, since 
dxi(t) < z~(t)(bi(t) - a.(t)xi(t)), for all t > 0, 
dt - - 
by the comparison theorem, we have 
xi(t) < ui(t), for all t >_ 0, 
where ui(t) is the positive solution of equation (6) with the initial condition ui(0) _> xi(0). By 
Lemma 1, we can see that x(t) is defined on R+ and that there is a constant T1 >_ To such that 
xi(t) < xio(t) + co, for all t > T1, i = 1, 2 , . . . ,  n. (13) 
Choose the constant M = sup{xio(t) + eo : t E R+, i = 1, 2 , . . . ,  n}, then 0 < M < ~ and M is 
independent of any positive solution of system (1). Obviously, we have 
zi(t)  < M, for all t > T1, i = 1 ,2 , . . . ,  n. (14) 
Now, we seek the constant m. For each i = 1,2, . . .  ,n, if xi(t) < e0 for all t >_ T1, then by (13), 
we have for all t _> T~, 
xi(t) = xi(T1)exp bi(s) - ai j(s)xj(s)  ds 
By (12), we have 
> xi(T1)exp bi(s) - aii(s)eo - Z aij(s)(xjo(S) + co) ds. 
bi(t) - aii(t)eo - ai j(t)(xjo(t) + co) dt = oc. 
j#i 
Hence, xi(t) ~ +c¢ as t ~ oo, which is a contradiction. Therefore, there is a ri > T1 such that 
xi(ri) > co. If there is a to > vi such that xi(to) < eexp(-f~iwi), where 
~i = sup Ibi(t)l + aii(t)~o + ~_.ac~(t)(xjo(t) + co) > O, 
tER+ j¢ i  
then there is a tl E (vi,to) such that xi(t l )  = eo and x~(t) < eo for all t E (tl,to]. Choose the 
integer p > 0 such that to E (tx + pwi,tl + (p + 1)wi], then by (12), we have 
e0 exp(-f~iwi) > xi(to) 
) = xi(t l)exp bi( t ) -  ai~(t)x~(t) dt 
1 
> eoexp + bi(t) - ai~(t)eo - ~_ai j ( t ) (x3o(t)  + co) dt 
k J t l  +pwi j~ i  
to( ) > eoexp bi(t) - aii(t)eo - aij(t)(xjo(t) + co) dt 
d t l  +pcai j~ i  
> eo exp( - f~ i~ i ) ,  
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which is a contradiction. That shows xi(t) >_ ~o exp( -~wi )  for all t _> Ti. Let 
m = miin{e0 exp(-~iwi)}, 
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and 
l iminf ] bi(s) - E ai j(s)Mj ds > O, 
t--.o~ Jt j#i / 
then system (1) is permanent. 
On the permanence of w-periodic system (3) we have the next corollary. 
COROLLARY 2. Suppose that for each i = 1, 2 , . . . ,  n, 
jo ) ai*(t)dt > O, b~(t) - ai*j(t)Yjo(t ) dt > O, 
where yio(t) is the unique positive w-periodic solution of equation (10), then the w-periodic 
system (3) is permanent. Moreover, system (3) has at least a positive w-periodic so/ution. 
Suppose that there exist positive constants wi and Ai such that for each i = 
0 < Mi = limsup bi(t) I t+A~ - t~oo ~ < oc, liminft__+o~ Jt ai~(s)ds > O, 
From Theorems 1 and 2, we further have 
COROLLARY 3. Suppose that condition (2) 
/o /o ai*(t ) dt > O, 
then system (1) is permanent. 
the following result. 
holds and for each i = 1, 2 , . . . ,  n, 
b~(t) - a~j(t)y3o(t dt > O, 
J~ / 
REMARK 4. By Remark 1 we can see that, in Corollaries 2 and 3 if we assume that each a*i(t ) 
(i -- 1, 2 , . . . ,  n) is positive, then the condition 
J:( ) b~(t) - a~*j(t)yjo(t) dt > 0 
j#i 
can be replaced by the following condition: 
b:(t) -  a 5(t)M  dt > O, 
j¢i 
where MS = sup,eR(b;(t)/a;j(t)). 
REMARK 5. Results similar to Theorem 2 and Corollary 2 are obtained by Tineo in [4], by Ahmad 
and Lazar in [5], and by Zhao in [6]. Obviously, the conditions of Theorem 2 and Corollary 2 
are quite weak and general. As applications of Theorem 2 and Corollary 2, we can obtain many 
applicable results, the conditions of which can be easily checked (see, for example, Corollary 1, 
Remark 4, and Corollary 4 in the next section of this paper). 
then m is independent of any positive solution of system (1) and we have 
xi(t) >_ m, for all t _> ~'i, i = 1 ,2 , . . . ,n .  (15) 
From (14) and (15), we finally obtain that system (1) is permanent. This completes the proof. 
As consequences of Theorem 2, we can obtain the following results. By Remark 1 we first have 
the following corollary. 
COROLLARY 1. 
1 ,2 , . . . ,n ,  
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4. GLOBAL STABIL ITY  
On the global asymptotical stability of positive solutions for system (1), we have the following 
result. 
THEOREM 3. Suppose that condition (2) holds and for each i = 1,2 , . . . ,  n, 
o J  $ (i) fo (bi (t) - ~ '~ i  a*j(t)Yjo(t) dt > O, where yio(t) is the unique positive w-periodic solution 
of equation (10); 
(ii) there are positive constants ci (i = 1, 2 , . . . ,  n) and a nonnegative, w-periodic and contin- 
uous function #(t) satisfying fo  #(t)dt > 0 such that 
7% 
- F_, > for all t • R,  
j#i 
then 
(a) system (3) has a unique positive w-periodic solution y* ( t ) = (y~ ( t ), y~(t),..., y* ( t ) ) which 
is globally asymptotically stable; 
(b) lim,--.oo(xdt) - yt(t)) = 0 fox i = i, 2,...,, ~o~ any positive solution x(t) = (xi(t), x2(t), 
. . . ,~n(t)) of system (1). 
PROOF. Obviously, proving Conclusions (a) and (b) is equivalent to proving that for any pos- 
itive solution x(t) = (x l ( t ) ,x2(t) , . . . ,xn(t))  of system (1) and any positive solution y(t) = 
(yx(t), y2(t) , . . . ,  yn(t)) of system (3), 
lim (x~(t) - yi(t)) = 0, for i = 1,2, . . . ,  n. 
t--*OO 
By Conditions (i) and (ii), we can obtain from Corollaries 1 and 2 that there are positive 
constants A and B such that 
A<_xi(t),  yi(t)<_B, for allt_>O, i= l ,2 , . . . ,n .  
Choose the Liapunov function 
n 
V(t) = ~--] c~[ lnxi(t) - lnyi(t)[, 
i= l  
by calculating the upper right derivative of V(t), then we obtain 
D+V(t) = ci sign(xi(t) - yi(t)) bi(t) - b~(t) - ~_, aia(t)zs(t) + a~(t)y~(t) 
i=1  j= l  
<_ ci -ai*i(t)lxdt) - ydt) l  + ~ a~5(t)lxj(t) - y~(t)l + g(t) 
i=1  j# i  
<_ -e . ( t )v( t )  + g(t), for all t _> O, 
where fi = A mini c~- 1 and 
g(t) = ~_c i  lbi(t) - b~'(t)l 
i=l 
+ la j(t) - a*j(t)l 
Permanence and Asymptotic Behavior 115 
By the comparison theorem and the variation of constants formula of solutions for first-order 
linear differential equation, we have 
V(t) <_ V(O)exp ( -9 fo tS#(u)du)+ fotg(s)exp ( -~tS#(u)du)ds ,  (16) 
for all t _> 0. By the periodicity of the function #(t) and Jo #(t) dt > 0, we can prove from (16), 
V(t) ---* 0 as t --* c~. Therefore, we have limt--.~o(xi(t) - yi(t)) = 0 for i = 1 ,2 , . . . ,n .  This 
completes the proof. 
REMARK 6. Theorem 3 may be considered to be an improvement and extension of the following 
known results: Theorem 1 in [5], Theorem 3 in [6], Theorem 3.1 in [7], Corollary 2.6 in [8], and 
Theorem 0.1 in [9]. 
If f(t) is an w-periodic ontinuous function defined on R, we denote fM = suPtER f(t), fL = 
inftcR f(t), and If] = w -1 fo  f(t) dt. As a consequence of Theorem 3, we have the following 
result. 
COROLLARY 4. Suppose that condition (2) holds and for each i = 1, 2 , . . . ,  n, 
. [b;] > 0, ~i*,L > 0, and [b;] > . [b~], (17) 
then the conclusions of Theorem 3 are true. 
PROOF. For each i = 
satisfies 
hence, we have 
1 ,2 , . . . ,n ,  since the positive periodic solution yio(t) of equation (10) 
0~[b~(t) - a~i(t)yio(t)] dt = O, 
a* [b;] [ .u,0]. (18) 
Define w-periodic functions fi(t), i = 1, 2 , . . . ,  n, by 
a* ajj(t)ujo(t), 
\ . ] M 
then, by (18) we see that condition (17) is equivalent to [fi] > 0 for i = 1, 2 , . . . ,  n. Clearly, for 
each / = 1 ,2 , . . . ,n ,  
n 
b*(t) - ~-~ a,*3(t)y~o(t) > y~(t), for all t ~ R. 
Hence, if condition (17) holds, then Condition (i) of Theorem 3 will hold. 
Define the n x n matrix M with i, jth entry rnij given by 
a* .  
m~=O,  mi j=  , i , j= l ,2 , . . . ,n ,  iC j ,  
M 
and let 7i = [b~] (i = 1, 2 , . . . ,  n), then condition (17) is equivalent to 
n 
~/ i>Em~j 'y j  , for i = 1 ,2 , . . . ,n .  
j----1 
The argument given by Ahmad and Lazer [5] implies the existence of constants ci > 0 (i -- 
1, 2 , . . . ,  n) such that 
n 
ci > Emj ic j ,  for i=  l ,2 , . . . ,n .  
5=1 
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Hence, for each i = 1, 2 , . . . ,  n, we have 
cia,s(t) - cja~i(t)  _> ai'~(t) ci - E cjmj~ _>5 
for all t E R, where 5 > 0 is a constant.  So, Condit ion (ii) holds with ~(t) = 5. This  completes 
the proof. 
REMARK 7. It  is obvious that  Corol lary 4 improves and extends the main result in [1], because 
from condit ion (5) we can easi ly see that  the condit ions of Corol lary 4 hold for n -- 2. 
REMARK 8. If in condit ion (2) the l imit functions b*(t) and a~'j (t) (i, j -- 1, 2 , . . . ,  n) are required 
to be continuous almost periodic, then system (3) will be an almost periodic system (see [10,11]). 
Using the same method given in this paper,  we will obta in  the results which are similar to 
Theorems 1-3 and Corol laries 1-4. 
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